Dr. Neal, Fall 2008
MATH 116 Circles and Circular Functions

A circle is defined to be the collection of all points (x, y) that are equidistant from a
fixed center point (h, k). The distance to this center point is called the radius r .

A Circle Centered at the Origin

Suppose a circle is centered at the origin (0, 0) and has a radius of length r. Then a
point (X, y) on the circle creates a right triangle with sides having lengths x and y, and
the hypotenuse having length r. By the Pythagorean Theorem, we can say

2

So x° +y2 =r” is the equation of a circle centered at the origin with radius r .

Example 1. Give the equation of the circle centered at (0, 0) with radius 9/5. What
points are on the circle for x =-6/5?

: . : 81

Solution. Using r =9/5, then (2= 81/25; so the equation becomes X2 +y2 :ES'
81 36 o 81
For x =-6/5, there are two possible y-values: ¢- —+ —+y ==
P v % y2 25 y 25
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Upper and Lower Semicircle Functions
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The circle x° +y2 =12 defines two semicircle functions, which are the top-half and
lower-half of the circle. These functions are obtained y solving for y:

- X% ® y:i\/rz- X

Cay?=r2 ® yP=r

2

Domain: -rEx£r Range: OEyEr

-r

-r

y=- (2.2

Domain: -r£XEr

Range: -r£y£0

Upper Semi-circular Function

Lower Semi-circular Function

Example 2. (a) Give the equation of the upper-semicircle function centered at the origin

with radius 6.

(b) Graph the function and state its domain and range.

(c) Solve for the x that make y=4.

(d) For which x is y3 4 and for which x is y<4?

Solution. (a) Using r = 6, the entire circle
has equation X2 +y2 =36. So the upper-

semi-circle function is y=v/36- X2
(c) If y=4,then X2 +42=36® x°=20

® x=+J20=+/4 5=+2,5

y

/6

-6 -.20

J20 6

Domain: -6E£xXx£6 Range: 0£y£6

(d) From the graph, we see that y3 4 when - /20 £ x£ J/20. We see that y< 4 when

-6£x<-420 orwhen J20<Xx£6.
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General Equation of a Circle

The equation of the circle with center (h, k) and radius of length r is given by

(x- hy?+(y- k)? =r?

Example 3. (a) Give the equation of the circle having center (4, —6) and radius 9.

(b) Graph the circle by plotting the center and the 4 “directional’” points on the circle.

(c) Give the function form of the upper and lower semicircle functions determined by
the circle and state the domain and range for each.

Solution. Center: (4,-6)andr = 9 ® (a) Equation: (x- 4)2 +(y+6)2:81

(b) To find the four “directional” points, go to the center (4, —6) then add =9 to the x-
coordinate to obtain the points (-5, 6) and (13, 6). Then go back to the center (4, —6) and
add £ 9 to the y-coordinate to obtain the points (4, 3) and (4, -15).

(4.3)

RN

(=5, -6) (13, -6)

(4, -15)

(c) Now we solve for y to obtain the two semi-circle functions:
2 2 _ 2 _ 2 . 2
(x-4)°+(y+6)"=81L ® (y+6)°=81- (x- 4 ® y+6=1+/81- (x- 4)

® y==+8l- (x- 42-6

Upper Semi-Circle Function Lower Semi-Circle Function

y=1/81- (x- 4% -6 y=-/81- (x- 42 - 6

Domain: -5£x£13 Range: -6£y£3 | Domain: -5£x£13 Range: -15£y £-6
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Exercises

1. Give the equation of the circle centered at (0, 0) with radius 5/3. Give the
coordinates of the points on the circle that occur when x =-1/3.

2. (a) Give the equation of the upper-semicircle function centered at the origin with
radius 3.

(b) Graph the function and state its domain and range.

(c) Solve for the x that make y=2.

(d) For which x is y3 2 and for which x is y<2?

3. (a) Give the equation of the lower-semicircle function centered at the origin with
radius 7.

(b) Graph the function and state its domain and range.

(c) Solve for the x that make y=-3.

(d) For which x is y<-3 and for which x is y3 -3?

4. (a) Find the equation of the circle with center (8, —-2) and radius 4.

(b) Graph the circle by plotting the center and the 4 directional points on the circle.
(c) Give the function form of the upper semicircle and state the domain and range.
(d) Give the function form of the lower semicircle and state the domain and range.
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Solutions

1. Usingr :—2, the equation becomes X +y2 =—

&2
For x--% then% —1+ +y2 25® 2 =

9

So the points on the circle are

25 1 _24 _ \/7 ‘/ 6_,2/6
9 9 -

3

+

=9 ©
21 2/6¢
r%’?

OO'I—‘
Q'_HO

+y2:9; so the upper semicircle

functionis y=+v9- x2 for - 3£ x£3. The
range for y is [0, 3].

N

5

-1 1 2 3

2. x2

(c) Tosolve y=2,we have v9- x2 =2,
or 9- x> =4. So x> =5and x=+.5.

(d) y3 2 for - JGEXE5,

and y<2 for x in[-3, - J/5) orin (/5,3].

3. X +y2 =49; so the lower semicircle is

(c) To solve y=-3, use - v49- X =-3,

49- x2, for -7E X£7. The range|or 49- X2 =9. Then x°=40 and
for y is [-7, 0]. x =+40 = +2,/10.
% % -2 | 2z & 6 (d) y<-3for - /40 <x<./40,
-2 and y3 -3
_: for x in [-7, - V/40] or in [\/40, 7]
-5
-
4 (a) Use (x- h)2+(y- k)? =r?. (8, 2)
Here (x- 8)2 +(y+ 2)2 =16.
2 _ 2.
(c) (y+2)" =16- (x-8)7; so
(4,-2) (8,-2) (12, -2)
y=\16- (x- 82 - 2, for 4£ x £12.
The range for the (8, -6)

upper-semicircle functionis -2£ y £ 2.

(d) y=-1/16- (x- 8)2- 2 for 4£ x £12 with range - 6£ y £ - 2.



